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Abstract. Let S be an oriented surface of genus g > with m> punctures 
where 3g — 3 + m > 2. We show that if 3g — 3 + m > 4 then for every compact 
subset K of the moduli space Mod(S') for S there is a closed Teichmiiller 
geodesic in Mod(S) which does not intersect K. 



1. Introduction 

Let 5 be a nonexceptional oriented surface of finite type, i.e. S' is a closed surface 
of genus g > from which m > points, so-called punctures, have been deleted, 
and 85 — 3 + TO > 2. The Teichmiiller space T{S) of 5* is a smooth manifold 
diffeomorphic to ]R6s-6+2m^ ^.^^ represented as the quotient of the space 
of all complete hyperbolic metrics on S of finite volume under the action of the 
group of all difi^eomorphisms of S which are isotopic to the identity. The group 
of all isotopy classes of orientation preserving diffeomorphisms of S is called the 
mapping class group A4{S) of S. It acts smoothly and properly discontinuously 
on T{S) preserving a complete Finsler metric, the so-called Teichmiiller metric. 
The quotient orbifold Mod(S') = T{S)/ A4{S), equipped with the projection of the 
Teichmiiller metric, is a complete noncompact geodesic metric space. 

Even though the Teichmiiller metric is not non-positively curved in any reason- 
able sense, it shares many properties with a Riemannian metric of non-positive 
curvature. For example, any two points in T(5) can be connected by a unique 
Teichmiiller geodesic, and closed geodesies in the moduli space Mod(S') are in one- 
to-one correspondence with the conjugacy classes of the so-called pseudo-Anosov 
elements of the mapping class group. However, unlike in the case of negatively 
curved Riemannian manifolds of finite volume, closed geodesies may escape into 
the end of Mod(S'). Namely, we show. 



Theorem : //3.g — 3 -t- m > 4 then for every compact subset K o/Mod(S') there 
is a closed Teichmiiller geodesic which does not intersect K . 
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The organization of this note is as follows. In Section 2 we summarize the 
properties of the train track complex TT which are needed for our purpose. In 
Section 3 we use train tracks and splitting sequences to show Theorem A. 



2. The complex of train tracks 

In this section we summarize some results and constructions from [PH92| IH09| 
which will be used throughout the paper (compare also [MoOSp . 

Let S be an oriented surface of genus g > with m > punctures and where 
3(7 — 3 + m > 2. A train track on S is an embedded 1-complex t C S whose 
edges (called branches) are smooth arcs with well-defined tangent vectors at the 
endpoints. At any vertex (called a switch) the incident edges are mutually tangent. 
Through each switch there is a path of class which is embedded in r and contains 
the switch in its interior. In particular, the branches which are incident on a 
fixed switch are divided into "incoming" and "outgoing" branches according to 
their inward pointing tangent at the switch. Each closed curve component of r 
has a unique bivalent switch, and all other switches are at least trivalent. The 
complementary regions of the train track have negative Euler characteristic, which 
means that they are different from discs with 0, 1 or 2 cusps at the boundary and 
different from annuli and once-punctured discs with no cusps at the boundary. We 
always identify train tracks which are isotopic. 

A trainpath on a train track t is a -immersion p : [m,n] t C S which maps 
each interval [fc, -|- 1] {m < k < n — 1) onto a branch of r. The integer n — m is 
then called the length of p. We sometimes identify a trainpath on S with its image 
in T. Each complementary region of r is bounded by a finite number of trainpaths 
which either are simple closed curves or terminate at the cusps of the region. A 
subtrack of a train track r is a subset cr of r which itself is a train track. Thus every 
switch of a is also a switch of t, and every branch of a is an embedded trainpath 
of T. We write ct < r if cr is a subtrack of r. 

A train track is called generic if all switches are at most trivalent. The train 
track T is called transversely recurrent if every branch 6 of r is intersected by an 
embedded simple closed curve c = c(6) C S which intersects r transversely and is 
such that S ~T ^c does not contain an embedded bigon, i.e. a disc with two corners 
at the boundary. 

A transverse measure on a train track r is a nonnegative weight function p, on 
the branches of t satisfying the switch condition: For every switch s of r, the sum 
of the weights over all incoming branches at s is required to coincide with the sum 
of the weights over all outgoing branches at s. The train track is called recurrent 
if it admits a transverse measure which is positive on every branch. We call such a 
transverse measure p positive, and we write p > 0. If /i is any transverse measure 
on a train track r then the subset of r consisting of all branches with positive 
/Lt-weight is a recurrent subtrack of r. A train track r is called birecurrent if r is 
recurrent and transversely recurrent. 
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A geodesic lamination for a complete hyperbolic structure on S of finite volume is 
a compact subset of S which is foliated into simple geodesies. A geodesic lamination 
A is called minimal if each of its half-leaves is dense in A. Thus a simple closed 
geodesic is a minimal geodesic lamination. A minimal geodesic lamination with 
more than one leaf has uncountably many leaves and is called minimal arational. 
Every geodesic lamination A consists of a disjoint union of finitely many minimal 
components and a finite number of isolated leaves. Each of the isolated leaves of A 
either is an isolated closed geodesic and hence a minimal component, or it spirals 
about one or two minimal components [CEG87[ I096| . 

A geodesic lamination is finite if it contains only finitely many leaves, and this 
is the case if and only if each minimal component is a closed geodesic. A geodesic 
lamination is maximal if its complementary regions are all ideal triangles or once 
punctured monogons. A geodesic lamination A is called complete if A is maximal 
and can be approximated in the Hausdorff topology by simple closed geodesies. 
The space CC of all complete geodesic laminations equipped with the Hausdorff 
topology is a compact metrizable space. Every geodesic lamination A which is a 
disjoint union of finitely many minimal components is a sublamination of a complete 
geodesic lamination, i.e. there is a complete geodesic lamination which contains A 
as a closed subset [H09| . 

A train track or a geodesic lamination a is carried by a transversely recurrent 
train track r if there is a map F : S ^ S oi class which is isotopic to the 
identity and maps a into r in such a way that the restriction of the differential of 
F to the tangent space of a vanishes nowhere. Note that this makes sense since 
a train track has a tangent line everywhere. We call the restriction of to ct a 
carrying map for a. Write cr ^ r if the train track or the geodesic lamination a 
is carried by the train track r. If a is a train track which is carried by r, then 
every geodesic lamination A which is carried by a is also carried by r. A train track 
T is called complete if it is generic and transversely recurrent and if it carries a 
complete geodesic lamination. Every complete train track is recurrent. The set of 
all complete geodesic laminations which are carried by a complete train track r is 
open and closed in CC. In particular, the space CC is totally disconnected [HOQj . 

A half-branch b in a generic train track r incident on a switch w of r is called 
large if every trainpath containing v in its interior passes through b. A half-branch 
which is not large is called small. A branch b in a generic train track r is called large 
if each of its two half-branches is large; in this case b is necessarily incident on two 
distinct switches, and it is large at both of them. A branch is called .small if each of 
its two half-branches is small. A branch is called mixed if one of its half-branches 
is large and the other half-branch is small (for all this, see [PII92j p. 118). 

There are two simple ways to modify a complete train track r to another complete 
train track. First, we can .shift r along a mixed branch to a train track r' as shown 
in Figure A below. If r is complete then the same is true for t'. Moreover, a train 
track or a lamination is carried by r if and only if it is carried by r' (see jPH92j 
p. 119). In particular, the shift r' of r is carried by r. Note that there is a natural 
bijection of the set of branches of r onto the set of branches of t'. 
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Figure A 



Second, if e is a large branch of r then we can perform a right or left split of r 
at e as shown in Figure B. Note that a right split at e is uniquely determined by 
the orientation of 5' and does not depend on the orientation of e. Using the labels 
in the figure, in the case of a right split we call the branches a and c winners of the 
split, and the branches b, d are losers of the split. If we perform a left split, then 
the branches b, d are winners of the split, and the branches a, c are losers of the 
split. The split r' of a train track r is carried by r, and there is a natural choice of 
a carrying map which maps the switches of r' to the switches of r. The image of 
a branch of t' is then a trainpath on r whose length either equals one or two. We 
call this carrying map the canonical carrying map. It induces a natural bijection of 
the set of branches of t onto the set of branches of r' which maps the branch e to 
the diagonal e' of the split. The split of a maximal transversely recurrent generic 
train track is maximal, transversely recurrent and generic. If r is complete and if 
A S CC is carried by r, then there is a unique choice of a right or left split of t at 
e with the property that the split track r' carries A. We call such a split a X-split. 
The train track r' is complete. In particular, a complete train track r can always 
be split at any large branch e to a complete train track r'; however there may be a 
choice of a right or left split at e such that the resulting train track is not recurrent 
any more (compare p. 120 in |PH92j ). The reverse of a split is called a collapse. 

c- D right split 

Figure B & k 




left split 

Denote by TT the directed graph whose vertices are the isotopy classes of com- 
plete train tracks on S and whose edges are determined as follows. The train track 
T S TT is connected to the train track t' by a directed edge if and only r' can be 
obtained from r by a single split. The graph TT is connected |H09) . As a conse- 
quence, if we identify each edge in TT with the unit interval [0, 1] then this provides 
TT with the structure of a connected locally finite metric graph. Thus TT is a 
locally compact complete geodesic metric space. In the sequel we always assume 
that TT is equipped with this metric without further comment. The mapping class 
group M{S) of S acts properly and cocompactly on TT as a group of isometries. 
In particular, TT is (S')-equivariantly quasi- isometric to A4{S) equipped with 
any word metric [H09| . 
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3. Closed Teichmuller geodesics 

In this section we use train tracks and splitting sequences to investigate closed 
Teichmuller geodesics in moduli space Mod(5) of our nonexceptional surface S of 
finite type and show Theorem A from the introduction. Such closed geodesics are 
the projections of those Teichmiiller geodesics in the Teichmiiller space T{S) which 
are invariant under a pseudo-Anosov element of A4{S). Recall that since the Euler 
characterstic of S is negative by assumption, T(5) can be identified with the space 
of all marked complete hyperbolic metrics on S of finite volume (with the usual 
identification of the elements contained in an orbit for the action of the group of 
diffeomorphisms of S isotopic to the identity). 

A measured geodesic lamination is a geodesic lamination A with a translation 
invariant transverse measure v such that the i/-weight of every compact arc in S 
with endpoints in S* — A which intersects A nontrivially and transversely is posi- 
tive. We say that A is the support of the measured geodesic lamination. The space 
A4C of measured geodesic laminations equipped with the weak*-topology admits a 
natural continuous action of the multiplicative group (0, oo). The quotient under 
this action is the space VMC of projective measured geodesic laminations which 
is homeomorphic to the sphere 569-7+2™,^ Every simple closed geodesic c on S* 
defines a measured geodesic lamination. The geometric intersection number be- 
tween simple closed curves on S extends to a continuous bilinear form i on 
the intersection form. We say that a pair (A, ^) £ AiC x AAC of measured geodesic 
laminations jointly fills up S if for every measured geodesic lamination r] & MC we 
have i{r], A) -|- i{rj,fi) > 0. This is equivalent to saying that every complete simple 
(possibly infinite) geodesic on S intersects either the support of A or the support 
of transversely. 

The unit cotangent bundle of the Teichmiiller space with respect to the Te- 
ichmiiller metric can naturally be identified with the space Q^{S) of unit area 
marked holomorphic quadratic differentials on our surface S. Such a quadratic dif- 
ferential q is determined by a pair (A^ t of measured geodesic laminations on 
S which jointly fill up S and such that i(A+, A^) = 1 by our area normalization. 
The horizontal measured lamination A"*" for q corresponds to the equivalence class 
of the horizontal measured foliation of q (compare |L83] and [K92j for a discussion 
of the relation between measured geodesic laminations and equivalence classes of 
measured foliations on S). The quadratic differential q determines a singular eu- 
clidean metric on S of unit area. For every simple closed curve c on S, the q-length 
of c is defined to be the infimum of the lengths with respect to this metric of any 
curve which is freely homotopic to c. 

The bundle Q^{S) admits a smooth action of the group SL{2, R). The restriction 
of this action to the one-parameter subgroup of diagonal matrices of SL{2,M.) is 
the Teichmuller geodesic fl,ow on Q^{S). If a quadratic differential q is given by 
the pair (A+, A^) of transverse measured geodesic laminations with i(A+,A^) = 1 
then <I>*(7 is given by the pair (e*A+, e~*A~). The action of 5'L(2,K) commutes 
with the natural action of the mapping class group M.{S) on Q}{S) and hence the 
flow projects to a flow on the quotient Q{S) = Q}{S)/M.{S), again denoted 
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by $*. A flow line of this flow projects to a Teichmiifler geodesic in moduli space 
r(5)/X(5) =Mod(5). 

For every complete train track r, the convex cone V(t) of all transverse measures 
on r can naturally be identified with the set of all measured geodesic laminations 
whose support is carried by r. A tangential measure on a complete train track r 
assigns to a branch 6 of r a weight > such that for every complementary 
triangle T of t with sides ci, C2, C3 we have /^(ci) < /i(ci_|-i)+/i(ci+2) (here indices are 
taken modulo 3). Let V*(t) be the convex cone of all tangential measures on r. By 
the results from Section 3.4 of |PH92j . there is a one-to-one correspondence between 
tangential measures on t and measured geodesic laminations which hit t efficiently, 
i.e. measured geodesic laminations whose support A intersects r transversely up 
to isotopy and is such that r U A does not contain any embedded bigon. In the 
sequel we often identify a measure /i G V(t) (or v G V*(r)) with the measured 
geodesic lamination it defines. With this identification, the bilinear pairing <, >: 
V(t) X V*(r) — > [0, 00) defined hy < >= J2b m(^)'^(^) j^^* the restriction of 
the intersection form on MC x MC (see Section 3.4 of jPH92| V 

Denote by B{t) the set of aU pairs (A, i^) e V(r) x V*(t) where A e V(t) is a 
transverse measure on t of total weight one and where i' € V*(t) is a tangential 
measure with < X^v >= 1 and such that A, v jointly fill up S. Every pair (A, v) G 
B{t) defines a quadratic differential q{X, v) of area one. 

If {r(i)} is any splitting sequence, if (A, v) G B{t{Q)) and if A is carried by t(s) 
for some s > then for every i G {0, . . . , s} there is a number a(i) > such that 
{a{i)\, a{i)^^ v) G B{T{i)). Denote by [A], [v] G VMC the projective classes of A, 1/ 
and for i < s define /^([A], [H)('''(*)) = "^(^ + l)/'3^(*)- We call p a roof function for 
the pair (A,!'). We have. 

Lemma 3.1. Roof functions are uniformly bounded. 

Proof. Let 77 G TT be obtained from r by a single split at a large branch e and let 
/i be a transverse measure on rj of total weight one. Via the natural carrying map 
rj ^ T, the measure defines a transverse measure /iq on t. By the definition of a 
roof function we have to show that the total weight of /io is bounded from above 
by universal constant. However, this is immediate from the fact that if a, c are the 
losing branches of the split connecting r to ry and if e' is the diagonal of the split 
then ^o(e) = /^(e') + m('^) + m(c) and p,o{b) = p,{b) for every branch 6 7^ e of r and 
its corresponding branch of rj. This shows the lemma. □ 

For e > let T{S)^ be the e-thick part of Teichmiiller space consisting of all 
marked hyperbolic metrics whose systole (i.e. the length of the shortest closed 
geodesic) is at least e. For sufficiently small e the set T{S)f^ is an A^(S')-invariant 
contractible subset of T{S) on which the mapping class group acts cocompactly. 
Let P : Q^{S) T{S) be the canonical projection and define Q^(e) — {q & 
Q^{S) I Pq G T{S)e}. The sets Q^{e) are invariant under the action of M{S). 
Their projections Q(e) = Q^{e)/M{S) C Q{S) to Q{S) are compact and satisfy 
Q{e) C Q{S) for e >(5 and U,>oQ(e) = Mod(S'). 
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Call a finite splitting sequence {T(j)}o<i<m C V(TT) tight if the natural carrying 
map T(m) r(0) maps every branch b of T(m) onto t(0). Note that every splitting 
sequence which contains a tight subsequence is tight itself. We have 

Lemma 3.2. Let {T(i)}o<i<m C V(TT) by any finite splitting sequence such that 
for some £ < m, both sequences {T(i)}o<i<^ and {T{i)}e<ci<m are tight. Then 
there is a number e = e{r(i)} > depending on our sequence such that for all 
(A, v) S B{t{0)) with the additional property that X is carried by T{ni) the following 
holds. 

(1) q{\,v)€Q\e). 

(2) The minimal X-weight of every branch o/r(0) is at least e. 

Proof. Let {T(i)}o<i<m C V(TT) be a finite splitting sequence such that for some 
£ > the sequences {T(i)}o<i<f and {T(j)}^<i<m are tight. Extending the distance 
function on the curve graph of S, define a distance d on the space U of minimal 
geodesic laminations which do not fill up S (i.e. which admit a complementary 
component which is neither a disc nor a once punctured disc) by requiring that the 
distance between X ^ fi equals one if and only if A, fi can be realized disjointly. 
By the choice of U, the distance between any two elements a,(3 G U is finite. Let 
A e be a minimal geodesic lamination which is carried by r(m) and let P € hi 
be such that d{P,X) = 1; we claim that /3 is carried by t{£). Namely, since our 
splitting sequence {T{i)}Ki<m is tight by assumption, the lamination A fills t{£), 
i.e. any transverse measure for A defines a positive transverse measure on t{£). 
Assume first that /3 is a simple closed curve on S with d{X,f]) = 1. Since A is 
minimal there is a sequence {ai)i of simple closed curves which converge to A in the 
Hausdorff topology |CEG87| . Now A is disjoint from f3 and therefore we can choose 
the sequence {ai)i in such a way that each of the curves is disjoint from /3. For 
sufficiently large i, the curve ai is carried by T(m) (see Lemma 2.4 of H09]) and 
fills t{£), i.e. a carrying map ai t{£) is surjective. By Lemma 4.4 of MM99j, 
since a^,/? are disjoint the curve (3 is carried by t{£). Now the space of geodesic 
laminations carried by t{£) is closed with respect to the Hausdorff topology and 
therefore t{£) carries every geodesic lamination (3 GlA with d{X, p) = 1. 

Let again A be a minimal geodesic lamination which is carried by rim) and let 
1/ be a minimal geodesic lamination which hits t(0) efficiently. We claim that A 
and v jointly fill up S. Namely, otherwise there is a simple closed curve c which 
is disjoint from both A, v. But this means that the distance between A and c is 
at most one and hence c is carried by t(£) by our above consideration. The same 
argument, applied to c and v and the splitting sequence {■7(i)}o<i<f, shows that v 
is carried by t(0) which contradicts our assumption that v hits r(0) efficiently. 

Let /i be any transverse measure for T(m) and let mp ~ max{/i(6) | 6 is a 
branch of T{m)}. Let fiQ be the transverse measure on t(0) induced from /z by the 
carrying map r(m) — > t(0). Since the splitting sequence {r(i)}o<i<m is tight, the 
/LtQ-weight of a branch b of r(0) is not smaller than tuq, and it is not bigger than 
cmo where c > only depends on our splitting sequence {r(i)}o<i<m but not on 
H. As a consequence, there is a universal constant s > not depending on with 
the property that if the measure /x on r(m) is normalized in such a way that the 
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total weight of /xo on r(0) equals one, then the minimum of the weights that the 
measure /xo disposes on the branches of r(0) is not smaller than s. This shows 
the second statement in our lemma. Now for any tangential measure u on t(0) we 
have j^) = J2b l^o(^)'^i^) (where as before we identify the measures /x, with 
the measured geodesic laminations they define) and therefore if i/) = 1 then 
the maximal weight disposed on a branch of r(0) by the tangential measure i/ is 
not bigger than 1/s. Since V(T(m)) and V*(r(0)) are closed subsets of MC and 
the intersection form is continuous, this implies that the set Bq of pairs (/U, 2^) € 
V(r(m))xV*(T(0)) C V(r(0)) x V*(t(0)) such that defines a transverse measure of 
total weight one on t(0) and such that = 1 is a compact subset of V(t(0)) x 

V*(t(0)). By our above consideration, every pair (/i, v) £ Bq jointly fills up S and 
hence Bq is a compact subset of B{t{0)). 

Since the assignment which associates to a quadratic differential its horizontal 
and vertical measured foliation is injective, continuous and open with respect to 
the smooth topology on Q^{S) and the weak topology on MC x A4C the set C = 
{q{fi, I') I (/X, ly) G Bo} is compact. Therefore there is some e > such that C C 
Q^(e) which shows the lemma. □ 

For the proof of the theorem from the introduction, wc use biinfinite splitting 
sequences {T(i)}i C V(TT) to construct closed orbits of the Tcichmiiller flow. 
For this recall that there are only finitely many orbits of complete train tracks 
under the action of A4{S). Call a biinfinite splitting sequence {T{i)} periodic if 
there is a number m > and some (p G A4{S) such that for every fc S Z we 
have {T{i)}km<i<{k+i)m = {T{i)}o<i<m,- We then call the mapping class ip a 
period map of the sequence with period m. A periodic splitting sequence can easily 
be constructed by choosing any infinite splitting sequence {rjii)} and some i < j 
such that rj(j) = pr]{i) for some tp G AA.{S)] then T{k{j — i) + s) = (f^rj{i + .s) 
(s < j — i,k G Z) defines a periodic splitting sequence with period map p. Note 
that a period map of any periodic splitting sequence is an element of M{S) of 
infinite order. We say that a measured geodesic lamination A fills up S if for 
every simple closed curve c on 5 we have i{c, A) > 0. The support of such a 
measured geodesic lamination is necessarily connected. If A G A4C is such that its 
projectivization [A] G VMC is a fixed point of a pseudo-Anosov mapping class then 
A fills up S. Recall that for every complete train track r we view V(t) as the space 
of all measured geodesic laminations which are carried by r. We have 

Lemma 3.3. Let {T{i)} C V(TT) be a biinfinite periodic splitting sequence with 
period map p G M{S). Then ip> is pseudo-Anosov if and only if there is some 
A G njV(T(z)) which fills up S. 

Proof. Let {T{i)}i be a biinfinite periodic splitting sequence with period map p) G 

M{S). Then there is a number £ > such that (/^V(r(0)) = V{t{(.)) C V(t(0)) 
and (^"^V*(t(0)) = V*(t(-£)) C V*(r(0)). Assume first that ip is pseudo-Anosov. 
Since acts on the Thurston boundary VMC of Teichmiiller space with north- 
south-dynamics and since the projectivizations P, Q of the cones V(r(0)), V*(t(0)) 
are closed disjoint subsets of VM.C with non-empty interior, the attracting fixed 
point A"*" for the action of ip on VMC is contained in n,(^'(P). But A"*" is the 
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projectivization of a measured geodesic lamination A which fills up S and hence 
A £ r\iV{T{i)) is a lamination as required in the lemma. 

Now assume that there is some A G niV(r(z)) = r\i(p^V{T{0)) = A which fills up 
S. The set A is a. closed non-empty (^-invariant subset of MC. By Theorem 8.5.1 of 
[Mo03| , it can be represented as a join Vi * V2 where Vi ^ is the space of measured 
geodesic laminations whose support is contained in a fixed geodesic lamination ^ 
on S and where V2 is a space of measured geodesic laminations whose support is 
carried by a train track on S contained in the complement of C. A measured geodesic 
lamination whose support contains more than one connected component does not 
fill up 5*. But A G Vi * V2 fills up S by assumption and therefore the set V2 is 
empty and A is the space of measured geodesic laminations supported in the single 
geodesic lamination ^. Moreover, C is minimal and connected, with complementary 
components which are topological discs or once punctured topological discs. Every 
mapping class which preserves the set A also preserves the geodesic lamination ^ and 
hence it is pseudo-Anosov by Thurston's classification of elements of A^(S'). But A 
is invariant under the period map f and hence tp is pseudo-Anosov as claimed. □ 

Let p > be the number of branches of a complete train track on S. Let 
T G V(TT) and number the branches of t with numbers I, . . . ,p. If t' can be 
obtained from t by a single split at a large branch e, then the numbering of the 
branches of t naturally induces a numbering of the branches of r' (compare the 
discussion in Section 5 of [H09j ) . In other words, every splitting sequence {t(j)} 
together with a numbering of the branches of r(0) determines uniquely a numbered 
splitting sequence, i.e. a splitting sequence together with a consistent numbering 
of the branches of the train tracks in the sequence which is determined by {rii)} 
up to a permutation of the numbering of the branches of t(0). Let ei, . . . ,ep be 
the standard basis of R''. A numbering of the branches of t(0) then defines an 
embedding of V(t(0)) onto a closed convex cone in MP determined by the switch 
conditions by associating to a measure fi G V(t(0)) the vector ^ ■ fi{i)ei G M*^ 
where we identify a branch of t(0) with its number. If t' is obtained from t by 
a split at the large branch e with number k and if i,j are the losing branches 
of the split connecting r to r' then the transformation V(t') V(r) induced by 
the canonical carrying map r' — s- r is just the restriction to V(t') of the unique 
linear map A : — * which satisfies A{ei) = Ci + ek,A{ej) = Cj + e^ and 
A{es) — eg for s ^ i,j. A change of the numbering of the branches of r(0) results 
in replacing A by its conjugate under a permutation map, i.e. a linear isometry 
of corresponding to a permutation of the standard basis vectors. Similarly, for 
every finite splitting sequence {r(i)}o<i<m the canonical map V(T(m)) — > V(r(0)) 
corresponds to a (p,p)-matrix A(T{m)) with non-negative entries which is uniquely 
determined by the sequence up to conjugation with a permutation matrix. 

By the Perron Frobenius theorem, a (p, p)-matrix A with positive entries admits 
up to a multiple a unique eigenvector with positive entries. The corresponding 
eigenvalue a is positive, and its absolute value is bigger than the absolute value 
of any other eigenvalue of A. Moreover, the generalized eigenspace for a is one- 
dimensional. We call an eigenvector with positive entries for the eigenvalue a a 
Perron Frobenius eigenvector. We have. 
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Lemma 3.4. Let {t(z)} be a periodic splitting sequence with period map Lp. Assume 
that k > is such that (p(t(0)) — T{k) and that {T(i)}o<i</c is tight; then is 
pseudo-Anosov and there is some i > 1 such that its attracting fixed point is the 
projectivization of a Perron Frohenius eigenvector of the matrix A(T{kt)). 

Proof. Let {T(i)}o<i<fc be a tight splitting sequence and assume that there is some 
if e M.{S) such that (/3(t(0)) = T{k). We obtain a biinfinite sphtting sequence 
{r(i)} by defining T{mk + t) = (p™{T{i)) for m e Z and £ < k. By our above 
discussion, with respect to some numbering of the branches of t(0) the self-map 
V(r(0)) V(t(0)) which is the composition of the map V(t(0)) V(T(fc)) induced 
by ip and the transformation V(t(A:)) — > V(t(0)) induced by the canonical carrying 
map T{k) r(0) can be represented by the restriction of a linear map — ^ MP 
given with respect to the standard basis by a matrix C. Since {T(z)}o<i<fc is tight 
by assumption, the entries of the matrix C are positive and therefore by the Perron 
Frobenius theorem, our map uniformly contracts the projectivization of the closed 
cone of vectors with nonnegative entries into its interior. As a consequence, the 
intersection niV(T(i)) consists of a single ray spanned by the positive measure 
on t(0) which corresponds to a Perron Frobenius eigenvector of C (compare with 
the beautiful argument in ' K85| ). This ray defines a projective measured geodesic 
lamination £ VAiC which is uniquely ergodic and fills up 5*. Similarly, the 
intersection nV*(T(i)) consists of a single ray which defines a projective measured 
geodesic lamination ^ A"*" which fills up S. By Lemma 5.3, the mapping class ip 
is pseudo-Anosov and its attracting fixed point equals A"*", its repelling fixed point 
equals A~. 

Recall that a numbering of the branches of r(0) induces a numbering of the 
branches of T(fc). There is a second numbering of the branches of T{k) induced 
from the numbering of the branches of t(0) via the map p : r(0) — > T(fc). These 
two numberings differ by a permutation a of {1, . . . ,p}. Let £ > 1 he such that 
— 1; then (p^T{0) = T{k£) as numbered train tracks. It is then immediate 
from our above discussion that the attracting fixed point of p corresponds to the 
projectivization of a Perron Frobenius eigenvector for the matrix A{T{k£)) which 
shows the lemma. □ 

In a Riemannian manifold M of bounded negative curvature and finite volume 
with fundamental group F, every closed geodesic intersects a fixed compact subset 
of M. Moreover, we can construct an infinite sequence (7^) of pairwise distinct 
closed geodesies which intersect every compact subset if of M in arcs of uniformly 
bounded length as follows. Choose a hyperbolic element (p in T and a parabolic 
element i/j] then up to replacing i/; by a conjugate, the elements (pil''^ are hyperbolic 
for all A: > and they define an infinite family of pairwise distinct closed geodesies 
with the required properties. In the next lemma, we point out that a similar 
construction for a pseudo-Anosov element of A4{S) and a Dehn twist about a 
suitably chosen simple closed curve (viewed as a parabolic element in M{S)) yields 
sequences of closed geodesies in Mod(S') with similar properties. 

Lemma 3.5. There is a sequence (7^) of pairwise distinct closed Teichmiiller 
geodesies in moduli space Mod(5) with the following properties. 
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(1) There is a fixed compact subset Kq o/Mod(5) which is intersected by 7i for 
every i. 

(2) The geodesies 7i intersect every compact subset K c Mod(S') in arcs of 
uniformly bounded length. 

Proof. Recall from Section 3 the definition of a train track a in special standard 
form for a framing F of our surface S with pants decomposition P. We first claim 
that there is a train track r which is shift equivalent to a such a train track in 
special standard form and there is a tight splitting sequence {T(i)}o<i<fe issuing 
from r(0) = r such that rik) = iy?r(0) for some ip G M.{S). 

For this let rj by any train track which is shift equivalent to a train track in special 
standard form for a framing F of S* with pants decomposition P. Let Aq be the 
unique special geodesic lamination for P which is carried by r/ and let {C(«)}o<i<m 
be any tight splitting sequence issuing from C(0) = rj. Since every orbit for the 
action of the mapping class group on the space CL of complete geodesic laminations 
on 5 is dense and since the set of all complete geodesic laminations on S which are 
carried by C,{m) is open in CC, there is an element (po G MS such that the special 
geodesic lamination (poXo for the pants decomposition ip^P is carried by C("^)- By 
the considerations in Section 4, the train track C,{m) is splittable to a train track 
r]i which is shift equivalent to the train track cpo?? for some 950 G J^{S). Note 
that every splitting sequence connecting rj to r/i is tight and therefore if 771 = (^o?? 
then such a splitting sequence has the desired properties. Otherwise we apply this 
construction to rji and find a tight splitting sequence connecting 771 to a train track 
ri2 which is shift equivalent to tpir] for some {pi G Ai{S). Since there are only 
finitely many train track in the shift equivalence class of r}, after finitely many steps 
we find some < i < j such that r]j = {ipj o 'p^^)rii and hence jjj is splittable to 
[(fj o (p~^)rii with a tight splitting sequence. 

Now let {T{i)}o<i<k be a tight splitting sequence as above with r(A:) = iy9(r(0)) 
for some (p G M{S) and such that t(0) is shift equivalent to a train track in special 
standard form for a framing F with pants decomposition P. By Lemma 5.4, p is 
pseudo-Anosov. For k < i < 2k define r(i) = (p{T{i — k)). By the definition of a 
train track in special standard form, every component a of P defines an embedded 
simple closed trainpath on t(0), and there is a number s > 2 (depending on a) 
and a Dehn twist ijj about a with the property that tpTiO) is splittable to t(0) with 
a splitting sequence of length s. Each split of this sequence is a split at a large 
branch contained in a. In other words, for every u > the train track ^"t(0) 
is splittable to </?^(r(0)) = T(2fc) with a tight splitting sequence {T{i)}-su<i<2k of 
length 2k+su. By Lemma 5.4, the mapping class Cu = i^^V' " is pseudo-Anosov. Its 
axis is the Teichmiiller geodesic which is defined by a quadratic differential whose 
horizontal foliation is contained in the ray ni(^* V(r(0)) and whose vertical foliation 
is contained in the ray niC~'V*(r(0)). 

For u > 1 let (A„,t'„) G B{t{0)) be such that the quadratic differential g„ = 
li^u, fu) is a cotangent vector of the axis of Cu- For i G [—su, 2k] let a„(i) > be 
such that (a„(i)A„, au{i)~^Vu) G B{T{i)), i.e. that the total weight of the transverse 
measure on T(i) which corresponds to the measured geodesic lamination au{i)Xu 
equals one. Then the function i — > a„(i) is increasing, and loga„(2fc) — log a„(—S'u) 
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is the length of the closed Teichmiiller geodesic 7^ in moduli space which is the 
projection of the axis of 

By Lemma 13.11 the numbers log 0^,(2/0) are bounded independent of u, and by 
Lemma 13.21 there is a number eg > such that e Q^(eo) for every u > 0. 
The projection Q(eo) of Q^(eo) to Q{S) is compact and therefore the geodesies 
7„ have property 1) stated in the lemma. Moreover, since {T(i)}o<i<fc is tight by 
assumption, by Lemma 5.2 there is a number S > such that for every u > the 
A„-weight of every branch b of r(0) is at least S; then the maximal weight that the 
tangential measure Vu disposes on a branch of r(0) is at most 1/S. 

To show that the geodesies 7„ also satisfy property 2) stated in the lemma, 
we show that au{—su) —^0{u—^ 00) and that moreover for every e > there is a 
number /3(e) > which is independent of u and such that for all t G [— log a„(— su) + 
/3(e), —/3(e)] the <I>*g„-length of the curve a is not bigger than e. To show that such 
a constant exists, denote by bi, . . . ,br the branches of t(0) which are incident on 
a switch in the embedded trainpath a but which are not contained in a. Note 
that r > 2, i.e. there are at least two such branches. By the considerations in the 
proof of Lemma 2.5 of H06^ we have i{n,a) = ^J2if^i^i) every /z £ V(r(0)). 
In particular, the intersection number i(A„, a) is bounded from above independent 
of u. Choose a numbering of the branches of r(0) so that bi is the branch with 
number i and such that the branches with numbers r + 1, . . . , r + £ are precisely the 
branches contained in the embedded trainpath a. Then the linear self-map of W 
which defines the natural map V(t(0)) — > V(t(— s)) with respect to this numbering 
maps for each i < r the i-th standard basis vector d of MP to Ci + e^+i + • • • + er+£, 
and for i > r it maps to itself. For (5 > as above, the sum of the Au-weights 
of the branches bi [i < r) is bounded from below by 26 and hence for every m < u 
we have a„(— sto) < 1/(1 + 2m6) independent of u. In particular, au{—su) tends 
to zero as w 00. However, i(cA„,Q;) = ci(A„,a) for all c > and therefore 
for every e > there is a number /3i(e) > not depending on u such that for 
t £ [logau{—su), — /3i(e)] the intersection with a of the horizontal measured geodesic 
lamination of does not exceed e/4. 

We observed above that the maximal weight that the tangential measure Vu 
disposes on a branch of r(0) is bounded from above by 1/S. Since the natural 
transformation V*(r(0)) V*(r(2/c)) can be represented by a fixed hnear map 
(with the interpretation discussed above) and the functions a„ are non-decreasing, 
there is then a number x > with the property that for every u > the maximal 
weight that the measure au{2k)~^Vu disposes on a branch of T(2fc) is bounded 
from above by x- However, the tangential measure au{~su)^^i'u on r(— su) is the 
image of the tangential measure a„(2fc)~^i/„ on T{2k) under the transformation 
which identifies r(2fc) with t(—su) and therefore the maximal weight that 
au{~su)^^h'u disposes on a branch of t(— sw) is bounded from above by x- Since 
a is an embedded trainpath in t{—su) this just means that the intersection with 
a of the vertical geodesic lamination of $iog''"(-^")qjj is bounded from above by 
a universal constant not depending on u. In other words, there is a constant 
/32(e) > not depending on u such that for every t G [— log a„(—sw) -I- /32(e), 0], 
the intersection with a of the vertical measured geodesic lamination of does 
not exceed e/4. The $*(7u-length of a is bounded from above by twice the sum of 
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the intersection of a with the horizontal and the vertical geodesic lamination of 
^'^qu (compare e.g. |R05j ) and hence for every sufSciently large u and for every 
t G [— log a„(—su) + /32(e), —/3i(e)] the <I>*g„-length of a does not exceed e. Now 
for every S > there is a number p{5) > such that the set Q^{S) is contained 
in the set of all quadratic differentials q with the property that the q-length of 
every essential simple closed curve on S is at least p{d). This then yields that the 
geodesies ju intersect a fixed compact subset K of Mod(S') in arcs of uniformly 
bounded length, independent of u. The lemma follows. □ 

We are now ready to show the Theorem from the introduction. 

Proposition 3.6. //Sg — 3 + m > 4 then for every e > there is a closed orbit of 
the Teichmiiller geodesic flow which does not intersect Q(e). 

Proof. Assume that 85 — 3 + m > 4 (which excludes a sphere with at most 6 
punctures, a torus with at most 3 punctures and a closed surface of genus 2) and 
let P be a pants decomposition of S. We require that if the genus of 5* is at least 
2 then P contains two non-separating simple closed curves 71 , 72 such that the 
surface Sq obtained by cutting S open along 71 , 72 is connected and that moreover 
the bordered surface S — (P — 71 — 72) consists oi 2g — & + m pairs of pants and 
2 forth punctured spheres containing 71,72 as essential curves in their interior. If 
the genus of S is at most one then S contains at least 4 punctures and we choose 
P in such a way that it contains two separating simple closed curves 71 , 72 with 
the property that the surface obtained by cutting S open along 71,72 consists of 
three connected components, where two of these components are pairs of pants. 
In other words, S — (71 U 72) contains a unique connected component S'o of Euler 
characteristic at most —2, and if we replace the boundary circles of this component 
by cusps then the resulting surface is nonexccptional. 

Let T be a train track in standard form for a framing with pants decomposition 
P and with only twist connectors. Then the curves 71,72 are carried by r and 
define embedded simple closed trainpaths on t. We require that a branch of r 
which is contained in the closure of S'o, which is incident on a switch contained in 
7i U 72 and which is not contained in 71 U 72 is a small branch. By our choice of P 
and the discussion on p. 147-48 of [PH92| . such a complete train track exists. After 
removing all branches of r which are incident on a switch contained in 71 U 72 or 
which are contained in S — S'o we obtain a train track cto on the subsurface So. If 
we identify S'o with the surface of finite type obtained by replacing the boundary 
circles by cusps then uq is a complete train track on S'o which is in standard form 
for a framing with pants decomposition P n S'o. Similarly, for i = 1,2 let Si D S'o 
be the connected component of S' — ji which contains S'o as a subsurface. The 
train track ctj on Si which we obtain from t by removing all branches which are 
incident on a switch in 7^ or which are not contained in Si is complete (in the 
interpretation as above). Note that we have r = cri U (T2, i.e. every branch of r is 
either a branch of <ti or a branch of a2- Moreover, a branch of r which is incident 
on a switch in cr^ and which is not contained in ai is a small branch contained in a 
once punctured monogon component C of Si — ai, and it is the unique branch of 
Ti in this component. 
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For i — 0,1,2 choose a tight sphtting sequence {o'i(j)}o<j<Si issuing from ai{j) = 
(7i with the property that there is a pseudo-Anosov element ipi of M(Si) such that 
ai{si) is shift equivalent to (pi(cri). The existence of such a splitting sequence follows 
from the arguments in the proof of Lemma l3.5l We view (pi as a reducible element 
of A4{S) which can be represented by a diffeomorphism of S fixing 7^ (or 71 and 72 
for i = 0) pointwise. Define = fiir); then t; is carried by r and contains ipiai as 
a subtrack. Moreover, there is a carrying map Ti ^ t which maps every branch b 
of ifiai < Ti onto Ui and which maps ti — ^piUi bijectively onto t — Ui. In the sequel 
we always assume that our carrying maps have these properties. 

For fc > define C,{k) = (pio {p^^ 0(^2° Vo*^ (where o means composition, i.e. aoh 
represents the mapping class obtained by applying h first followed by an application 
of a). We claim that for every A: > the mapping class C(fc) is pseudo-Anosov. For 
this note first that C{k)T is carried by r for all k. Thus it follows as in Lemma 
13.31 that C{k) is pseudo-Anosov if and only if niC(fc)'V(T) consists of a single ray 
which fills up S. By the considerations in the proof of Lemma 5.4, this is the case 
if a carrying map ^(fc)^r r maps every branch of (^{k)'^T onto t (compare also 
[K85]). 

Now let b be any branch of ({k)^T; then b G C,'^{k)ai for i = 1 or i = 2. As- 
sume first that b S C,(k)'^(y2. Since the splitting sequence {o'2(j)}o<i<s2 tight 
by assumption, the image of b under a carrying map C(fc)^r ({k)ipiipQ'^T equals 
the subtrack C,{k)ifi(pfl^ a2 of C^(k)(piipf^T. In particular, it contains the subgraph 
C(A:)(/3i(y9g'^(T — (Ti). On the other hand, for the same reason every branch of 
C(A:)(/3i(/3g*''cro < C{k)fifQ''a-2 is mapped by a carrying map ^(fc)(^i(^Q'^T C(^)''' 
onto C(fc)(Ti, and its maps (^{k)(piipQ'^{T — ai) bijectively onto <^(A:)(t — di). It fol- 
lows that a carrying map C(fc)^''" C(^)''" maps b onto C(^)'''- Now if 6 G C(A;)^(Ti 
then the same argument yields that the image of b under a carrying map C(fc)^r — > 
C{k)T contains the subtrack (^{k)ai of C{k)T. In particular, it contains a branch 
c G Cik)o'o < C,{k)a2 which is mapped by a carrying map C,{k)T — ^ t onto t. As 
before, we conclude that a carrying map (^{k)^T — > r maps every branch 6 of C(fc)^r 
onto r and consequently each of the maps (^{k) is pseudo-Anosov. 

To establish our proposition it is enough to show that for every e > there is 
a number k(e) > with the following property. For every k > fc(e), the periodic 
orbit for the Teichmiiller geodesic fiow on 2(5") which corresponds to the conjugacy 
class of (^{k) is entirely contained in the subset of Q{S) of all quadratic differentials 
q which admit an essential simple closed curve of g-length at most e (compare the 
proof of Lemma . 

By Lemma 13. 2[ since for i — 1,2 the splitting sequence {o'i(j)}o<j<si is tight 
there is a number c > with the following property. Let /.t be a measured geodesic 
lamination on Si which is carried by (Ji (si) and which defines the transverse measure 
/-iQ G V(CTi(0)); then Ato(^i)/Mo(^2) < c for any two branches 61,62 of a^. Now the 
preimage of cr^ under any carrying map ifiT^r equals the subtrack tpitJi of ipiT 
and the restriction of a suitably chosen carrying map to LpiT — LpiGi is injective. 
This implies that for every measured geodesic lamination fx which is carried by 
ipiT and defines a transverse measure on ipiT which is not supported in ifiT — 
(piCTi, the measure /Lto on r induced from ^ by a carrying map LpiT — > r satisfies 
Ato(6i)/Ato(62) < c for all 61,62 G a^. 
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For e > and i = 1,2 let Ci(e) be the closed subset of V(r) containing all 
transverse measures v with the following properties. 

(1) The total weight of i/ is one and the sum of the z^- weights over all branches 
of T which are not contained in ai is at most e. 

(2) For any two branches bi, 62 of <Ti < t we have J^(fci)/i'(62) < c. 

For a transverse measure /i on t denote as before by w(r, [i) the total weight of [i. 
We claim that for every e > the transformation p\ : V(r) — {0} V(t) which is 
the composition of the map ^Pi'^'^ ■ V(r) V(<pi(/3g'^T) with the map Viipiip'^'^T) 
V(t) induced by a carrying map <Pif^T — > r and with the normalization map 
/I — > fj,/uj{T,^) maps Ci+i(e) into to Ci{e) provided that k is sufficiently large 
(indices are taken modulo 2). 

We show our claim for the map pi, the claim for p| follows in exactly the same 
way. Note first that by the choice of c, the image under of every transverse 
measure on r which does not vanish on cti satisfies property 2) above for i = 1. 
Thus since a measure from the set C2(e) does not vanish on do < fij property 
2) holds for all measures in p\C2{() and all fc > 0. To establish property 1) for 
sufficiently large k, let v e ^2(6), viewed as a measured geodesic lamination, let 
fc > and let p — tfiif'^^{v). For < i < 2fc let p{i) be the transverse measure 
on lpiipq[t) of total weight one which defines a multiple of the measured geodesic 
lamination p. Then there is some a(i) < 1 such that p[i) = a{i)p as measured 
geodesic laminations. By the definition of the set C2(e), there is a number r > 
only depending on e and c such that the total /i- weight of the subtrack tpiip^^ [a^)) of 
^Pxip'^{t) is not smaller than r. Now the splitting sequence {CTo(j)}o<j"<so is tight 
and therefore a carrying map cro(so) — > cro(O) strictly increases the total weight of 
a transverse measure by at least a factor Lq > 1. Hence for every s < 2k the total 
/i-weight of (^i</Jq'^~^((To) < </?i(/3o'^~*(r) is not smaller than 1 — r + Lf^r. Moreover, 
the sum of the /i-weights of the branches of ipiip'^''~^ (t) which arc not contained 
in (pi(pQ*''~^(o'o) is independent of s < 2k. Thus the sum of the p{2k — s)-weights 
of the branches of (y9i(y9g'^^'*(r) which are not contained in (Pi(Pq'^^^ (ao) is smaller 
than (1 — r)/{l — r + L^r). As a consequence, if (1 — r)/(l — r + L^r) < e then 
the p{k)-weight of ipi(Pq{t — do) does not exceed e and the same holds true for the 
p5;'(i/)-weight of r — di which shows our above claim. 

Together we deduce the existence of a number fc(e) > such that for k > k{e) 
the set Ci(e) is invariant under the map p which assigns to a measured geodesic 
lamination ^ p € '^{'t) the normalized image of C(^)m G V(C(^)''') under a 
carrying map V(C(fc)r) V(t). Now if fc > fc(e) and if {Xk,J^k) & S(t) is such 
that q{Xk, I'k) ~ Qk is a cotangent vector of the axis of then spans the ray 
niC(fc)'V(r) and therefore necessarily Afe G Ci(e). 

Let k > k{e) and let afe(l) > 1 be such that the total weight of the trans- 
verse measure on (/3i(^q(t) defined by the measured geodesic lamination afe(l)Afe 
equals one. Recall from Lemma 2.5 of |H06| that the intersection of afc(l)Afe with 
the embedded trainpath 71 on (^i(pg(r) is bounded from above by the sum of the 
afe(l)Afc-weights of the branches of (^i(/3§(t) — (/ji(^q(cti). By our above consider- 
ation, we may assume that for k > k{e) this weight is bounded from above by e. 
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As a consequence, for every t < logafe(l) the intersection of 71 with the horizontal 
measured geodesic lamination of the quadratic differential ^^qt is at most e. 

Similarly, let afe(2) < 0^(3) < 0^(4) < afe(5) be such that the total weight of 
ak{2)Xk on ipi(Pq'^{t) equals one, that the total weight of ak{5)Xk on (^i</Jq''(^2(t) 
equals one, that the total weight of afc(4)Afc on (piLpQ'^(p2ipQ{T) equals one and that 
the total weight of ak{5)Xk on C{k)T equals one. Note that logafc(5) is the length 
of the periodic orbit of the Teichmiiller flow defined by the conjugacy class of C{k)- 
Using once more our above consideration we conclude that for k > k{e) and every 
t < log Qk (4) the intersection of the horizontal measured geodesic lamination of the 
quadratic differential <i>*gfe with the curve C(k)j2 is bounded from above by e. 

Our proposition now follows if for sufficiently large k we can control the in- 
tersections of the curves 7i,C(fc)72 with the vertical measured geodesic lamina- 
tions for the quadratic differentials $*(7fe. For this let again Vk G V*(r) be such 
that {Xk,Vk) e B{t) and qk = q{\k-,Vk)- Since a carrying map tpiLpl^ lp2{t) 
'■Pi'-Po' {t) maps every branch b of ipiifl^ ip2{(^2) onto ipa'^l'^ {(72) and since ak{2)Xk G 
(^i(^Q'^C2(e) by our above consideration, the afe(2)Afe-weight of every branch of 
(pii^Q''(r) which is contained in (/3i(/3g'^((T2) is bounded from below by a univer- 
sal constant S > not depending on k. Then the afe(2)^^t^fe-weight of every such 
branch is bounded from above by l/S and hence there is a number x > not de- 
pending on k which bounds from above the afe(3)~^i^fc-weight of every branch of 
(pi(^o'°'/'2(o'2) < (/3i(/3§'^V32(t)- Now the curve (^1 (^0*^(^2 (71) is an embedded train- 
path in the train track fi^p'^^p2{<72) < '-Pw'^'Viij) and hence our upper bound 
for the values of afe(3)"^j'fe on the branches of Lpx^p^ Lp2{f'2) implies that the in- 
tersection between (pxLp^ Lp2^1\) and afe(3)~^i^fc is uniformly bounded. As we in- 
crease fc, the ratios afc(4)/afc(3) tend to infinity (compare the above consider- 
ation) and hence after possibly increasing k(t) we may assume that for every 
k > k{e) we have i(afe(4)~^z^fe, (/9i(^q''(^2<^o(7i)) ^- invariance of the inter- 
section form under the action of M{S) we conclude that for every k > fc(e) and 
every t > log(ajt(4)/afe(5)) the intersection between the vertical measured geodesic 
lamination of ^^qk and 71 is bounded from above by e. This then shows that for 
every t G [log(afe(4)/afc(5)), logafe(l)] the sum of the intersection numbers between 
71 and the vertical and the horizontal measured geodesic lamination of ^^qk does 
not exceed 2e. In other words, for every such t the <i>*gfe-length of 71 is bounded 
from above by 4e. 

The same argument shows that after possibly increasing k(e) once more we may 
assume that for k > fc(e) and every t S [log afe(l), log 0^(4)] the $*(7fe-length of 
C(^)(72) is bounded from above by 4e. By periodicity, we conclude that for k > k{e) 
the periodic orbit of <i>* which corresponds to the conjugacy class of ({k) is entirely 
contained in the set of quadratic differentials q which admits an essential simple 
closed curve of g-length at most 4e. This completes the proof of our proposition. □ 



Remark: 1) A pseudo-Anosov element (p acts as an isometry on the curve 
graph (C(S'), d) of S. By a resuh of Bowditch |Bw03| . for every c G C{S) the limit 
limfc^oo d{ip''c,c)/k exists and is independent of c. This limit is called the stable 
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length for this action. The stable length of each of the (infinitely many) pseudo- 
Anosov elements C(fc) constructed in the proof of Proposition 5.6 is at most 2. 
Moreover, let 7^ be the Teichmiiller geodesic in T(S) which is invariant under C(^)- 
Then there is a number e > such that for sufficiently large fc, the set of essential 
simple closed curves c on our surface 5* for which the minimum of the hyperbolic 
lengths of c along 7^ is smaller than e is precisely an orbit under the action of C(/c) 
of a pair of disjoint essential simple closed curves on S. 

2) We believe that Proposition 13.61 is valid for every nonexceptional surface of 
finite type, with pseudo-Anosov mapping classes which can be constructed as the 
once in the proof our proposition. However we did not attempt to carry out the 
details. 
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